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Abstract: The appearance of inner brane structure is an interesting issue in domain
wall brane model. Because such structure usually leads to quasilocalized modes of various
kinds of bulk fields. In this paper, we construct a domain wall brane model by using a
scalar field φ, which couples to its kinetic term. The inner brane structure emerges as the
scalar-kinetic coupling increases. With such brane structure, we show that it is possible
to obtain gravity resonant modes in both tensor and scalar sectors. The number of the
resonant modes depends on the vacuum expectation value of φ and the form of scalar-
kinetic coupling. The correspondence between our model and the canonical one is also
discussed. The noncanonical and canonical background scalar fields are connected by an
integral equation, while the warp factor remains the same. Via this correspondence, the
canonical and noncanonical models share the same linear perturbation spectrum. So the
gravity resonances obtained in the noncanonical frame can also be obtained in the standard
model. However, due to the inequivalence between the corresponding background scalar
solutions, the localization condition for the left-chiral fermion zero mode can be largely
different in different frames. Our estimate shows that the magnitude of the Yukawa coupling
in the noncanonical frame might be hundreds times larger than the one in the canonical
frame, if one demands the localization of the left-chiral fermion zero mode as well as the
appearance of a few gravity resonance modes.
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1The corresponding author.
Contents
1 Introduction 1
2 The emergence of brane structure 3
3 Linear stability 7
3.1 Tensor mode 7
3.2 Scalar modes 8
4 Mass spectrum of gravitons 9
4.1 Zero modes 9
4.2 Massive resonance modes 10
4.2.1 Without β-term 10
4.2.2 β-term and gravity resonances 11
5 Back to the standard frame 16
6 Trapping massless fermion in canonical or noncanonical frame 18
7 Conclusion 20
1 Introduction
The idea of the existence of extra dimensions was proposed even before Einstein’s general
relativity. In 1914, the Finnish physicist Gunnar Nordsto¨m applied an extra spatial dimen-
sion to unify his own theory of gravity and Maxwell’s electromagnetic theory. The most
well known extra dimension theory was proposed by Kaluza and then developed by Klein
in the 1920s. Kaluza-Klein (KK) theory unified general relativity with Maxwell’s theory
by introducing a compact extra dimension. With the development of Yang-Mills theory,
physicists tried to introduce more extra dimensions to unify non-Abelian gauge fields with
general relativity. More ambitiously, they tried to use extra dimensions to unify matter
fields and gauge fields in a single theory, for example, the superstring theory or higher
dimensional supergravity theories (see [1] for the history and early development of extra
dimension theories). One of the common feature of the early proposals for extra dimensions
is that the extra dimensions are compacted to scales that are too tiny to detect. Besides,
unification is always the main motivation for introducing extra dimensions.
This situation begins to change in 1980s, when physicists realized that large extra
dimensions are possible if matter fields are trapped on four-dimensional sub-manifolds [2–4].
Large extra dimensions are a general prediction of some perturbative string theories [5, 6].
Later on, it was found that extra dimensions can be an alternative solution to the hierarchy
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problem in the standard model of particle physics [7, 8]. Another astonishing discovery
in 1999 is that even if we are living with an infinitely large extra dimension, we would
still observe effectively a four-dimensional Newtonian gravity, provided the space-time is
nonfactorizable and is properly warped [9]. The model in ref. [9] is now referred to as
the Randall-Sundrum-2 (RS2) model, which assumes that we live on a 3-brane embedded
in an AdS5 space. The spectrum of KK gravitons of the RS2 model is constituted by a
normalizable zero mode and a continuum of gapless massive modes. As usual, the zero mode
is responsible for the reproduction of four-dimensional Newtonian gravity. However, in
contrast to the traditional models with factorizable geometry, now the massive modes only
cause a small correction to Newtonian gravity, even there are extremely light modes. The
reason is that the couplings of these massive modes to matter on the brane are sufficiently
suppressed, so that the integration over all of them only gives a subleading contribution to
the gravitational interaction between two test masses on the brane.
It is interesting to search for a nonsingular thick version of the RS2 model, especially,
to see if gravity can also be localized on a nonsingular domain wall [10, 11], rather than
on an infinitely thin brane. The domain wall brane in ref. [10] is an extension of ref. [3]
in warped space-time. While the solution in ref. [11] takes the advantage in analytical
computations. One of the important motivations for studying thick versions of the RS2
model is that the graviton spectrum might be nontrivially different from the original RS2
model. For example, scalar modes begin to contribute to gravitational interactions [12, 13].
Besides, in thick brane models it is possible to find graviton resonances in both tensor and
scalar sectors.
The possibility of existing graviton resonances in thick brane model was first noted
by Gremm [11]. In the model of ref. [11], gravitons are trapped by a volcanolike potential
which asymptotically approaches to zero at the infinity of extra dimension. So, the only
bound state is the zero mode. However, the special shape of the graviton potential indicates
the possibility for finding massive resonant modes. These modes would give a quasidiscrete
spectrum of low mass KK modes with unsuppressed couplings to matter on the brane. So,
the existence of such resonant modes would probably change the four-dimensional physics.
For example, when the tensor zero mode is quasilocalized rather than localized, the effective
four dimensions are preserved only in an intermediate scale, while in both ultra large and
ultra small scales the gravity is five-dimensional [14–18]. Unfortunately, the solution of
ref. [11] does not support any graviton resonance. Studies on the linear structure of other
thick brane [10] also concluded the absence of narrow graviton resonance (see [19, 20]).
Recently, it was noticed that the inner brane structure plays a crucial role in gener-
ating graviton resonant modes [21–23]. However, the model of refs. [22, 23] contains two
background scalar fields, which may make the model potentially problematic. Because in
a model with multi scalar fields, there might be a normalizable scalar zero mode that will
transmit a new force we have never seen before, so is phenomenologically unacceptable [24].
As to the model of ref. [21], the nonminimal coupling between the background scalar and
gravity makes it is very hard to obtain analytical solutions, needless to say the whole spec-
trum of linear perturbations. So far, the stability of the solution in ref. [21] against scalar
perturbations is still unclear.
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It is interesting to search for a single scalar field thick brane model, which supports
inner brane structure and graviton resonances. For one thing, the linearization of a large
class of single scalar field model has been studied in ref. [25], where the matter Lagrangian
density is L(φ,X) with X = −12∂Mφ∂Mφ the kinetic term of the background scalar field φ.
With such a matter Lagrangian density, the scalar φ can have noncanonical kinetic terms.
For this reason, φ is also dubbed as the K-field. The K-field was initially introduced in
cosmology as a new mechanism of inflation [26–28], and later was applied in brane models
[29–34]. The linearization of a brane model not only allows us to study the stability of the
solution, but also helps us to analyze the structure of the graviton spectrum.
Besides, by using the superpotential method, one can obtain some interesting analytical
solutions for K-field models. For example, the case with L(φ,X) = X + αX2 has been
studied first in ref. [32] for small α, and then in ref. [35] for arbitrary positive α > 0. In
ref. [35], we used a different superpotential method, so that analytical thick brane solution
can be easily obtained even for very large α. However, as shown in [35], there is no sign
for any graviton resonance either in the tensor or scalar sector. So it is worth to try other
types of noncanonical terms.
In this paper, we investigate the model of a scalar field which couples to its own kinetic
term, so the matter Lagrangian density takes the form: L = G(φ)X − V (φ), where G(φ)
and V (φ) are arbitrary functions of φ. This model will be set up and solved in the next
section. We will show how inner brane structure emerges with the noncanonical kinetic
term. Then, in section 3, we discuss the stability of our solution against tensor and scalar
perturbations. In section 4, we use numerical method to solve the linear perturbation
equations, and find out the possible graviton resonances in both tensor and scalar sectors.
In section 5, we show how to obtain all the good properties of the noncanonical brane
solution in a canonical model. The relation between the canonical and noncanonical models
will also be addressed. In section 6, we consider the localization of massless fermion in both
the canonical and noncanonical frames, and discuss how the noncanonical term affects the
localization.
2 The emergence of brane structure
We study a model with the following action:
S =
∫
d5x
√−g
(
R
2κ25
+G(φ)X − V (φ)
)
, (2.1)
where g = det(gMN ) (M,N = 0, 1, 2, 3, 5 are indices of the bulk coordinates) and κ
2
5 denotes
the five-dimensional gravitational constant. The metric is taken to be
ds2 = e2A(y)ηµνdx
µdxν + dy2, (2.2)
with ηµν = diag(−1,+1,+1,+1) the four-dimensional Minkowski metric, and e2A(y) the
warp factor. Here, y ≡ x5 denotes the extra dimension, µ, ν, · · · are indices of the brane
coordinates.
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The independent dynamical equations for the system are the Einstein equations:
− 3∂2yA = κ25LX(∂yφ)2, (2.3a)
6(∂yA)
2 = κ25(L+ LX(∂yφ)2). (2.3b)
We use subscripts of L to represent derivatives of L with respect to corresponding ar-
guments, for example, LX = ∂L/∂X. From now on, let us focus on a model with
G(φ) = 1 + βφ2n and n = 1, 2, · · · . Since β = 0 corresponds to the standard model of
a thick brane [10, 11], let us call β the deviation parameter.
To find the exact and analytical solution of the Einstein equations (2.3), we follow the
procedures proposed in [35] and assume
∂yA = −κ
2
5
3
(W (φ) + βZ(φ)), (2.4)
∂yφ = Wφ, (2.5)
where W and Z (called the superpotentials) are functions of φ, and Wφ ≡ dWdφ . Plugging
the above equations into eq. (2.3a) and comparing the coefficients of β, we immediately
obtain
Zφ = φ
2nWφ. (2.6)
From eq. (2.3b), we get
V =
1
2
Wφ
2 +
1
2
βφ2nWφ
2 − 2
3
κ25(W + βZ)
2. (2.7)
Therefore, given a W (φ), an analytical solution can be obtained by solving two first-order
differential equations (2.4) and (2.5) with the constraint equation (2.6).
The superpotential method allows us to find some analytical solutions. For simplicity,
let us consider a cubic superpotential
W = kφ20
(
φ
φ0
− 1
3
(
φ
φ0
)3)
. (2.8)
Inserting W into eq. (2.5), we obtain the standard kink configuration for the background
scalar field:
φ = φ0 tanh(ky), (2.9)
and from eq. (2.6), we immediately get
Z = − k
(3 + 2n)φ0
φ3+2n +
kφ0
1 + 2n
φ1+2n. (2.10)
Finally, the scalar potential is given by
V =
k2φ20
6
[
3
(
φ2
φ20
− 1
)2 (
1 + βφ2n
)
− 4
9
κ25φ
2
0
(
φ2
φ20
+
3βφ2n
3 + 2n
φ2
φ20
− 3− 3βφ
2n
1 + 2n
)2]
.
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By taking A(0) = 0, we obtain the general solution for the warp factor:
A =
1
18
κ25φ
2
0
[− tanh2(ky)− 4 ln(cosh(ky))
− βcn
(
1 + 2n+ 2H(n, y))
(1 + n)
tanh2(n+1)(ky)
]
, (2.11)
where cn is defined by
cn =
3φ2n0
(1 + 2n)(3 + 2n)
, (2.12)
and the function H(n, y) is
H(n, y) = F 12
[
1, 1 + n; 2 + n; tanh2(ky)
]
, (2.13)
with F 12 [a, b; c;w] the hypergeometric function. When β = 0, our solution reduces to the
one given in [10]. For simplicity, from now on, let us take the dimensionless quantity
κ25φ
2
0 =
3
2 , and consider φ0 as a parameter.
The asymptotic behavior of A at |y| → ∞ is
A→ − (1 + βcn) k|y|, (2.14)
so, the space-time is asymptotically anti-de Sitter. Note that the behavior of cn depends
on the vacuum expectation value of φ, i.e., φ0. Roughly speaking, when φ0 ∈ (0, 1], cn
decreases as n increases, while when φ0 ≥ 2, cn increases rapidly as n increases (see
figure 1). Since cn embodies the deviation from RS2 model in large scale, it should also
reflects the impact of noncanonical term on the inner brane structure, and finally on the
graviton spectrum. So from now on, we assume φ0 ≥ 2, so that the noncanonical effects
become dominant as n increases.
To see how β and n affect the inner brane structure, let us consider the zero-zero
component of the Einstein tensor GMN = RMN − 12gMNR:
G00 = −3e2A
[
2 (∂yA)
2 + ∂2yA
]
. (2.15)
From figure 2, we see that when β = 0, G00 has only one peak around y = 0. However,
when β 6= 0, the original peak begins to deform into two (for n = 1) or three (for n ≥ 2)
peaks, which implies the emergence of brane structure in the vicinity of y = 0.
Branes with inner structure are theoretically interesting, because they can be regards
as the smooth versions of the Lykken-Randall model [36]. Although the sub-branes in
our model is symmetric, one can generate asymmetric sub-branes by choosing appropriate
superpotential W (φ). It is interesting to note that in some models with asymmetric sub-
branes, fermion is localized on one of the sub-branes, while gravity on another [22, 37].
Hopefully, the hierarchy problem can be solved in such models (see [37] for related discus-
sions).
Inner brane structure was originally constructed in models with two real scalar fields [38],
or a complex scalar field [39, 40]. In these models, the energy density of brane deforms
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Figure 1. The behaviour of the coefficient cn with parameters φ0 > 2 and n. When φ0 ∈ (0, 1], cn
decreases as n increases. While when φ0 ≥ 2, cn increases rapidly as n increases.
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Figure 2. Plots of G00 for β = 0 (the solid line) and n = 1 (the dotted line), and n = 4 (the
dotted-dashed line). The parameters are k = 1, φ0 = 2, and for n = 1, 4 we take β = 8.
as some parameters vary, as a result branes acquire inner structure. However, as stated
in ref. [24], localizable scalar zero modes might survive in models with more than one real
scalar field, and therefore, is phenomenologically unacceptable.
Inner brane structure can also be realized either in general relativity [20], or in modified
theories of gravity [21, 41–43] by using only a single scalar field. But the linearization of
gravity beyond general relativity is rather evolve, especially, when scalar perturbations
are considered. On the contrary, the model we constructed above not only circumvents
the problem confronted by models with multi scalar fields, but also has a simple linear
structure, which allows us to analyze the graviton resonances.
In what follows, it is more convenient to work in the conformally flat coordinates:
ds2 = e2A(r)(ηµνdx
µdxν + dr2), (2.16)
– 6 –
where dr ≡ e−Ady. The derivative with respect to r will be denoted by a prime, for
example, A′ ≡ ∂rA.
3 Linear stability
In this section, we examine the stability of the aforementioned brane solution under small
field perturbations {δgMN , δφ}. In r-coordinate, it is much convenient to define the metric
perturbations as δgMN ≡ e2A(r)hMN . Both hMN and δφ are functions of the bulk coor-
dinates (xρ, r). In order to derive the master equations for the linear perturbations, we
usually introduce the scalar-tensor-vector decomposition. After this decomposition, the
original perturbations can be classified in to scalar, tensor and vector modes. Each type
of modes evolves independently. The linear perturbation equations for a general class of
K-brane models have been derived in [25]. According to [25], the spectrum of the vector
modes contains only a nonlocalizable zero mode. So, we omit the vector modes and only
give a brief review on the tensor and scalar modes here.
3.1 Tensor mode
For the tensor mode, the perturbed metric is
ds2 = e2A(r)
[
(ηµν +Dµν)dx
µdxν + dr2
]
, (3.1)
where Dµν is the transverse and traceless tensor perturbation, which satisfies the following
equation [25]:

(4)Dµν +D
′′
µν + 3A
′D′µν = 0, 
(4) = ηµν∂µ∂ν . (3.2)
This is the same equation that Dµν obeys in the standard model [44]. In other words,
the introduction of noncanonical kinetic terms does not affect the structure of the tensor
perturbation equation. To understand this, let us note that the tensor mode is decoupled
from the scalar modes, and in our model we only modify the scalar Lagrangian of the
standard model. So the dynamical equation for the tensor mode takes the same form as
the one in the standard model. On the other hand, in some models that modified the
gravity part (for example, in f(R) gravity), the tensor perturbation equation can have
nontrivial modifications [45, 46].
To continue, let us introduce the following decomposition:
Dµν(x
ρ, r) = e−3/2Aǫµν(x
ρ)χ(r), (3.3)
where ǫµν(x
ρ) is transverse and traceless ηµνǫµν = 0 = ∂
µǫµν and satisfies 
(4)ǫµν = m
2ǫµν .
Then, the KK mode χ(r) satisfies a Schro¨dinger-like equation
− χ′′ + UT (r)χ = m2χ, (3.4)
with
UT (r) =
9
4
A′2 +
3
2
A′′. (3.5)
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This equation can be factorized as
JJ †χ = m2χ, (3.6)
with
J ≡ ∂r + 3
2
A′, J † = −∂r + 3
2
A′. (3.7)
According to the supersymmeric quantum mechanics, when the Schro¨dinger-like equation
can be factorized as eq. (3.5), the corresponding eigenvalue must be positive semi-definite,
namely, m2 ≥ 0. The absence of tachyons implies that our solution is stable against tensor
perturbation.
3.2 Scalar modes
Now, let us verify the stability of our solution against linear scalar perturbations. It is
more convenient to analyze the scalar modes in the longitude gauge. In this gauge the
perturbed metric takes the following form:
ds2 = e2A(r)
[
ηµν(1 + Ψ)dx
µdxν + (1 + Ξ)dr2
]
. (3.8)
Then the perturbation equations are [25]
Ξ = −2Ψ, (3.9)
3
2
A′Ξ− 3
2
Ψ′ = κ25LXφ′Φ, (3.10)
3
2

(4)Ψ− 3
2
Ψ′′ − 3
2
A′Ψ′ = 2κ25LXφ′Φ′ + κ25φ′2LXφΦ. (3.11)
Here Φ = δφ, and we have used the fact that LXX = 0. Using eqs. (3.9), (3.10) and the
background equations (2.3), one can eliminate Ξ, Φ, and LXφ in eq. (3.11) and obtain the
following equation:

(4)Ψ+Ψ′′ +
[
∂r ln
(
e3A(r)
LX(φ′)2
)]
Ψ′ + 2A′
[
∂r ln
(
A′2
LX(φ′)2
)]
Ψ = 0. (3.12)
The above equation takes a more compact form

(4)Ψˆ + Ψˆ′′ − ζ (ζ−1)′′ Ψˆ = 0, (3.13)
if one defines
Ψ = e−3A/2L1/2X φ′Ψˆ, (3.14)
and
ζ = e3A/2
φ′
A′
L1/2X . (3.15)
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Inserting the KK decomposition
Ψˆ =
∑
j
eip
j
µx
µ
ϕj(r) (3.16)
into eq. (3.13) and using (pjµ)2 = −m2j , one immediately obtain the following equation for
ϕj(r):
A†Aϕj(r) = m2jϕj(r), (3.17)
with
A = d
dr
+
ζ ′
ζ
, A† = − d
dr
+
ζ ′
ζ
. (3.18)
Similar to the case of tensor sector, we obtain a factorizable Schro¨dinger-like equation
for scalar modes. Therefore, the stability of the solution against scalar perturbations is
guaranteed.
Note that the above procedures are valid only if LX > 0. Considering the kink config-
uration of φ: φ(±∞) = ±φ0, and φ(0) = 0, the stability condition reduces to
β > − 1
φ2n0
≡ βc. (3.19)
For simplicity, in our following discussion, we assume β > 0, so that the stability condition
is always satisfied.
4 Mass spectrum of gravitons
In this section, we analyze how the noncanonical kinetic term affects the mass spectrum of
gravitons, especially, the localization of zero modes and the appearance of massive gravity
resonances. We study the appearance of gravity resonances in both the tensor and scalar
sectors, and illustrate how the value of n affects the number of resonances.
4.1 Zero modes
The zero modes correspond to infinitely long range forces. To reproduce the four-dimensional
Newtonian gravity, we require the localization of the tensor zero mode. The zero mode of
tensor perturbation can be easily read out from eq. (3.6):
χ0 ∝ e3/2A. (4.1)
The normalization condition for the zero mode is∫
dre3A(r) =
∫
dye2A(y) <∞. (4.2)
This condition is satisfied, if
β > − 1
cn
= −(1 + 2n)(3 + 2n)
3φ2n0
≡ βt. (4.3)
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Obviously, βc > βt, for n ≥ 1. Therefore, for any solution that satisfies the stable condition
β > βc, the localization condition for the tensor zero mode is also satisfied. As a result,
four-dimensional Newtonian gravity can be reproduced, provided the stability condition
(3.19) is satisfied.
Similarly, the expression for the scalar zero mode can be read out from eq. (3.17):
ϕ0 ∝ ζ−1. (4.4)
The localization condition is
∫
drϕ20 <∞, namely,∫
dre−3A
A′2
φ′2LX =
∫
dye−4A
(∂yA)
2
LX(∂yφ)2
= −κ
2
5
3
∫
dye−4A
(∂yA)
2
∂2yA
<∞. (4.5)
To obtain the last equation, we used the Einstein equation (2.3a). For a background
geometry that is asymptotically AdS5, such as our solution in eq. (2.11), the integrand of
the above integration is obviously divergent at y = ±∞. As a result, the above integration
is divergent, and therefore, there is no localizable scalar zero mode in our model.
A localizable scalar zero mode corresponds to a new long range force gauge boson,
which transmits a new force we have never seen before, and therefore, is phenomenology un-
acceptable. It was pointed in [24] that a normalizable zero mode survives in five-dimensional
models with two scalars constructed using a superpotential, even in the presence of warped
gravity.
4.2 Massive resonance modes
In addition to the zero modes, we have a continuum of massive modes in both tensor and
scalar sectors. These massive modes would modify gravity at small scale [13, 47]. In this
subsection, we argue that the structure of massive graviton modes can be largely different
when β-term is introduced. For example, gravity resonances would emerge in both tensor
and scalar sectors, if one switch on a large β-term. Let us start with the case without
β-term.
4.2.1 Without β-term
In the standard model of thick brane (β = 0), there is no gravity resonance. To see the
absent of resonance in tensor section, it is more convenient to study the following equation:
J †J χ˜ = m˜2χ˜. (4.6)
This is the dynamical equation of χ’s superpartner, viz, χ˜. According to supersymmet-
ric quantum mechanics, superpartners share the same spectrum except the ground state.
Thus, if χ˜ has massive resonant peaks, so does χ. Expanding eq. (4.6), we obtain another
Schro¨dinger-like equation with the following potential:
U˜T (r) =
9
4
A′2 − 3
2
A′′. (4.7)
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Figure 3. U˜T and US in standard model (β = 0). We have take k = 1. This figure shows that in
the standard model of thick brane, there is no gravity resonances in both tensor and scalar sectors.
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The numerical plot of U˜T (r) (figure 3) does not show any attractive well, so, it is
impossible for χ˜ to have resonant modes, so dose χ.
Similarly, the plot of the scalar Schro¨dinger potential US = ζ
(
ζ−1
)′′
also indicates the
absent of gravity resonance in the canonical model (see also figure 3).
4.2.2 β-term and gravity resonances
Now, let us come back to the noncanonical model. In figure 4, we plotted UT and U˜T
in the case of n = 1. Taking φ0 = 5 and β = 35, we obtain a volcanolike potential U˜T .
Such an U˜T supports a continuum mass-square spectrum m˜
2 ∈ (0,+∞). However, due to
the barriers near y = 0, some modes in the continuum are special, namely, the resonance
modes: their wave functions are dominantly distributed around y = 0. These modes are
quisilocalized, after a finite time, they tunnel into the extra dimension.
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Figure 5. Tensor wave function for n = 1. The parameters are k = 1, φ0 = 5, and β = 35.
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n χi/χ˜i m
2 m Γ τ
1 χ1 35.06865 5.92188 0.563159 1.7757
χ˜1 35.17066 5.93049 0.582229 1.71754
χ1 35.03022 5.91863 0.0350 28.53288
χ˜1 35.66007 5.97161 0.0356 28.09282
4 χ2 126.5588 11.24983 0.2105435 4.74961
χ˜2 127.2171 11.27906 0.178881 5.59031
χ3 255.10095 15.97188 0.8931337 1.11965
χ˜3 255.77087 15.99284 0.911223 1.09743
Table 1. Resonant modes for tensor perturbation and its superpartner. The parameters are k = 1,
φ0 = 5, and β = 35.
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Figure 7. Wave functions of the tensor resonant modes and their corresponding superpartners in
the case with n = 4, k = 1, φ0 = 5, and β = 35.
In order to identify the resonance modes, we note that χ˜(r) can be regarded as the
wave function in quantum mechanics. Then, |χ˜m(r)|2dr (after normalizing χ˜m(r)) can be
interpreted as the probability for finding a KK mode with mass m in an infinitesimal space
range (r, r+ dr). Although none of the massive modes is normalizable, one can still define
the function [48]
P (m) =
∫ rb
−rb
|χ˜m(r)|2dr∫ 10rb
−10rb
|χ˜m(r)|2dr
(4.8)
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Figure 8. Plots of the Schro¨dinger potential for scalar perturbation Us(r), the relative probability
Pϕ, and the wave function of the resonant mode. The parameters are n = 1, k = 1, φ0 = 3, and
β = 3.
n ϕi m
2 m Γ τ
1 ϕ1 7.49974 2.73857 0.2368 4.2238
ϕ1 4.78727 2.18798 0.02734446 36.57048
4 ϕ2 25.74273 5.07373 0.071041632 14.07625
ϕ3 78.501 8.86 0.4364411 2.29126
Table 2. Resonant modes for scalar perturbation. The parameters are k = 1, φ0 = 3, and β = 3.
as the relative probability for finding a massive KK mode with mass m in a narrow range
r ∈ [−rb, rb] as compared to a wider interval r ∈ [−10rb, 10rb]. Usually, we take 2rb as
the width of the thick brane. Then P (m) tends to 0.1 when m2 ≫ UmaxS . This is because
ϕm(r) can be approximately identified as a plane wave for very large m
2.
In order to calculate P (m) numerically, we take [48]:
ϕevenm (0) = 1, ∂rϕ
even
m (0) = 0, (4.9)
and
ϕoddm (0) = 0, ∂rϕ
odd
m (0) = 1, (4.10)
as the initial conditions for the even and odd parity modes of ϕm(z), respectively.
The numerical calculation for n = 1, k = 1, φ0 = 5, and β = 35 shows that there is a
resonant peak χ˜1 at m
2 = 35.17066. The appearance of the resonant mode in spectrum of
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Figure 9. Plots of the Schro¨dinger potential for scalar perturbation US(r), the relative probability
Pϕ, and the wave functions of the resonant modes. The parameters are n = 4, k = 1, φ0 = 3, and
β = 3.
χ˜ reminds us that there should also be a corresponding mode (with the same mass) in the
spectrum of χ. The numerical result confirms our hypothesis: the corresponding resonant
mode χ1 appears at m
2 = 35.0686 (see figures 4). The superpartners of the graviton
resonant modes have nearly the same masses.
When φ0 > 2, the number of tensor resonances increases with n. For example, when
we take n = 4, k = 1, φ0 = 5, and β = 35, we obtain three resonances (see figure 6).
For each resonant peak, we define Γ = δm as the mass width at half maximum of the
corresponding peak. Then, the lifetime τ for a resonance is defined as τ = Γ−1. After a
time τ , these metastable gravitons decay into the extra dimension. The data for the tensor
resonances is listed in table 1.
The wave function of χ and χ˜ are plotted in figure 5 for n = 1, and figure 7 for n = 4.
Comparing the behaviour of the wave functions of χ˜n and χn, we find that the nth resonant
mode of U˜T behaves similarly as the (n + 1)th resonant mode of UT . This feature is one
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of the predictions of supersymmetric quantum mechanics, namely, superpartner potentials
U˜T and UT have the same spectrum except for the zero energy ground state [51].
Similarly, from eq. (3.17), we can analyze the resonant modes in the scalar sector. The
numerical results are depicted in figures 8 and 9 and table 2. As the tensor sector, the
number of scalar resonances increases with n.
5 Back to the standard frame
In this section, we argue that the aforementioned noncanonical brane solution and its linear
spectrum can also be obtained in a model with canonical dynamics. Obviously one can
rewrite a noncanonical scalar lagrangian density
L(φ) = G(φ)X − U(φ), (5.1)
into the canonical form
L(φ˜) = −1
2
(∂yφ˜)
2 − U(φ˜), (5.2)
by redefining the scalar field
φ˜ =
∫
dφ
√
G(φ). (5.3)
In our model, G(φ) = 1 + βφ2n, so
φ˜ =
nφ
1 + n
F 12
[
1
2
,
1
2n
, 1 +
1
2n
,−βφ2n
]
+
φ
√
1 + βφ2n
1 + n
. (5.4)
Obviously, when β = 0, we have φ˜ = φ. From figure 10 we see that when β > 0, the
configuration of scalar field φ˜ undergoes a deformation as n increases.
This feature of φ˜ reminds us a similar solution of ref. [20], in which the brane defor-
mation is realized in the canonical frame by taking a special superpotential:
W˜p =
2p
2p− 1 φ˜
(2p−1)/p − 2p
2p + 1
φ˜(2p+1)/p. (5.5)
The parameter p = 1, 3, 5 · · · is an odd integer. As p increases, the configuration of φ˜
undergos a transition from single kink to double kink1. However, the authors of ref. [20]
did not find any sign of gravity resonance for p = 1, 3, 5. As p increases, the ability for
trapping graviton deceases.
In order to derive the corresponding canonical superpotential W˜ (φ˜) of our solution,
let us note that the first-order equations in the canonical frame are:
∂yA = −κ
2
5
3
W˜ , (5.6)
∂yφ˜ =
dW˜
dφ˜
, (5.7)
1Note that the φ˜ in this paper is not a standard double kink solution, because ∂yφ˜ is not vanished at
y = 0 (see the right panel of figure 10).
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Figure 10. The scalar field φ˜ and its first-order derivative for n = 1, 2, 3. The parameters are
k = 1, φ0 = 3, and β = 3.
and that φ and φ˜ are related by the following equation:
dφ˜
dφ
=
√
G(φ). (5.8)
Then from eq. (5.7) we obtain
W˜ =
∫ φ˜
0
G(φ)Wφdφ. (5.9)
So, given an arbitrary superpotential W (φ) in the noncanonical frame, we can always
obtain the corresponding superpotential W˜ (φ˜) in the canonical frame. Especially, for our
solution, we have
W˜ = kφ20

 φ˜
φ0
− 1
3
(
φ˜
φ0
)3+ kφ20

 βφ˜2n
1 + 2n
φ˜
φ0
− βφ˜
2n
(3 + 2n)
(
φ˜
φ0
)3 . (5.10)
The scalar potential can be obtained from the following equation
U(φ˜) =
1
2
W˜ 2φ −
2
3
κ25W˜
2. (5.11)
Now, let us comment that the canonical and the noncanonical solutions generated by
W˜ (φ˜) and W (φ), correspondingly, possess the same linear spectrum. On one hand, the
scalar perturbation equation in the canonical frame can be obtained from the noncanonical
equation (3.13) by simple taking LX = 1 and replace φ→ φ˜, so that
Ψ = e−3A/2φ˜′Ψˆ, (5.12)
and
ζ = e3A/2
φ˜′
A′
. (5.13)
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On the other hand, from eq. (5.3), we have φ˜′ =
√
Gφ′ =
√LXφ′. So, eqs. (5.12) and (5.13)
are nothing but eqs. (3.14) and (3.15). The tensor equation is independent of the scalar
sector, so also remains unchanged. Therefore, all the graviton resonances we obtained in
the noncanonical model can also be reproduced in the corresponding canonical model.
6 Trapping massless fermion in canonical or noncanonical frame
In a realistic brane model, matter fields must be trapped on the brane. In the standard
model of thick brane, a massless left-handed fermion (the zero mode) can be localized on
the brane, if one assumes that the bulk fermion Θ(xµ, r) is coupled with the background
scalar. The simplest coupling is the Yukawa coupling ηφ˜Θ¯Θ, where η > 0 is the coupling
constant. Now, suppose that the thick brane is generated by the noncanonical scalar field φ,
then we would obtian a different localization condition for the fermion zero mode (because
φ and φ˜ are different if β 6= 0). In this section, we study how the parameters β and n
affect the localization of the fermion zero mode in both the noncanonical and the canonical
frames.
Let us first consider the noncanonical model, and assume the action of Θ to be
S1/2 =
∫
d5x
√−gΘ¯(ΓMDM − ηφ)Θ. (6.1)
Here, ΓM = (e−Aγµ, e−Aγ5) and DM = ∂M + ωM are the Γ-matrixes and covariant
derivative in the five-dimensional curved space-time, respectively, ωM = (
1
2A
′γµγ5, 0) is
the spin connection (see ref. [52] for details). From the action (6.1), we immediately obtain
the equation for Θ:
{γµ∂µ + γ5(∂r + 2A′)− ηeAφ}Θ = 0. (6.2)
To continue, introducing the KK decomposition
Θ = e−2A
∑
C
∑
j
ψC,j(x
µ)fC,j(r), (6.3)
where j denotes different excitations of the modes, and C ∈ {+,−} denotes the chirality:
ψ+,j and ψ−,j represent the right- and left-chiral modes, respectively.
Assuming that ψC,j(x
µ) are the chiral fermion that we observed in our four-dimensional
world, we get
γµ∂µψC,j(x
ρ) = mjψ−C,j(x
ρ),
ψC,j = Cγ
5ψC,j. (6.4)
Inserting eq. (6.3) into the equation of motion (6.2), we obtain a Schro¨dinger-like
equation for fC,j(r):
(−∂2r + VC(r))fC,j = m2jfC,j, (6.5)
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where the potential is
VC = (ηe
Aφ)2 + C∂r(ηe
Aφ). (6.6)
Defining F ≡ ∂r + CηeAφ, we can rewrite eq. (6.5) as follows:
FF†fC,j = m2jfC,j. (6.7)
As we have stated in previous sections, the eigenvalues of such an equation are semi-positive
definite, namely, m2j ≥ 0. Now, let us study the localization of the zero mode fC,0, which
satisfies a simpler equation:
(−∂r + CηeAφ)fC,j = 0. (6.8)
After an integration, one immediately obtains
fC,0(r) ∝ exp(Cη
∫ r
0
dr¯eA(r¯)φ(r¯)). (6.9)
To trap the zero mode on the brane, we demand the integration
∫
dr(fC,0)
2 to be finite,
or, when written in y-coordinate [52]:
I =
∫
dy exp
(
−A(y) + 2Cη
∫ y
0
dy¯φ(y¯)
)
<∞. (6.10)
According to eqs. (2.14) and (2.9), the asymptotical behaviour of the integrand is
(k + βcnk + 2Cηφ0) |y|, for |y| → +∞. (6.11)
Obviously, the integral I converges only when
k + βcnk + 2Cηφ0 < 0. (6.12)
As the stability condition eq. (3.19) is considered, one can conclude that the left-chiral zero
mode is localizable, provided
ηφ0 >
k
2
(1 + βcn). (6.13)
To estimate the value of η, let us take the parameters to be n = 4, k = 1, φ0 = 5 and
β = 35. With this set of parameters, we can get 3 resonances in the tensor sector and
at least 3 in the scalar sector. Then, the localization condition for fermion zero mode is
η > 41430.
Now, let us turn to another possibility, namely, Θ is coupled with the canonical field
φ˜. The localization condition for this case can be obtained by simply replace φ0 in the left
hand side of eq. (6.13) by
φ˜0 = φ0dn, (6.14)
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where
dn =
n
1 + n
F 12
[
1
2
,
1
2n
, 1 +
1
2n
,−βφ2n0
]
+
φ0
√
1 + βφ2n0
1 + n
. (6.15)
For parameters n = 4, k = 1, φ0 = 5 and β = 35, the localization condition reads as
η > 56. To conclude, in order to have a same number of gravity resonance modes, and at
the same time, to localize the fermion zero mode, the Yukawa coupling between Θ and φ
might be hundreds times larger than the one between Θ and φ˜.
7 Conclusion
In this paper, we successfully constructed a domain wall brane model with inner brane
structure and graviton resonances by using a single scalar field φ in five-dimensional general
relativity. The scalar field can be either noncanonical or canonical. In noncanonical frame,
the inner brane structure emerges as one switch on the scalar-kinetic coupling. The number
of the resonant modes depends on the vacuum expectation value of φ and the form of scalar-
kinetic coupling. While in the canonical frame, the emergence of brane structure is caused
by the deformation of φ˜, which can be obtained from φ by doing an integration. With this
relation, the canonical model and the noncanonical one share the same linear structure.
So the gravity resonances we obtained in the noncanonical frame can also be obtained
in the standard model. However, due to the inequivalence between the corresponding
background scalar solutions, the localization condition for the left-chiral fermion zero mode
can be largely different in different frames. Our estimate showed that the magnitude of
the Yukawa coupling in the noncanonical frame might be hundreds times larger than the
one in the canonical frame, if one demands the localization of the left-chiral fermion zero
mode as well as the appearance of a few gravity resonance modes.
This work can be regarded as the first step for a further study on the phenomenological
indications of the graviton resonances, which will be addressed in our future works.
Acknowledgments
We thank Oriol Pujo`las for reminding us the relation between the noncanonical and the
canonical model, and Matteo Baggioli for many interesting discussions. Y. Zhong and Y.-
X. Liu was supported by the Program for New Century Excellent Talents in University, the
National Natural Science Foundation of China (Grants No. 11075065 and No. 11375075),
and the Fundamental Research Funds for the Central Universities (Grant No. lzujbky-2013-
18). Y. Zhong was also supported by the scholarship granted by the Chinese Scholarship
Council (CSC). Z.-H. Zhao was supported by the National Natural Science Foundation of
China (Grant No. 11305095) and the Natural Science Foundation of Shandong Province,
China (Grant No. 2013ZRB01890), and the Scientific Research Foundation of Shandong
University of Science and Technology for Recruited Talents (Grant No. 2013RCJJ026).
– 20 –
References
[1] T. Appelquist, A. Chodos, and P. G. O. Freund, Modern Kaluza-Klein Theories.
Addison-Wesley Publishing Company, 1987.
[2] K. Akama, An Early Proposal of ’Brane World’, Lect.Notes Phys. 176 (1982) 267–271,
[hep-th/0001113].
[3] V. A. Rubakov and M. E. Shaposhnikov, Do we live inside a domain wall?, Phys. Lett. B
125 (1983) 136–138.
[4] M. Visser, An exotic class of kaluza-klein models, Phys. Lett. B159 (1985) 22–25.
[5] I. Antoniadis, A possible new dimension at a few tev, Phys. Lett. B246 (1990) 377–384.
[6] I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos, and G. Dvali, New dimensions at a
millimeter to a Fermi and superstrings at a TeV, Phys.Lett. B436 (1998) 257–263,
[hep-ph/9804398].
[7] N. Arkani-Hamed, S. Dimopoulos, and G. Dvali, The Hierarchy problem and new dimensions
at a millimeter, Phys.Lett. B429 (1998) 263–272, [hep-ph/9803315].
[8] L. Randall and R. Sundrum, A large mass hierarchy from a small extra dimension, Phys.
Rev. Lett. 83 (1999) 3370–3373, [hep-ph/9905221].
[9] L. Randall and R. Sundrum, An alternative to compactification, Phys. Rev. Lett. 83 (1999)
4690–4693, [hep-th/9906064].
[10] A. Kehagias and K. Tamvakis, Localized gravitons, gauge bosons and chiral fermions in
smooth spaces generated by a bounce, Phys.Lett. B504 (2001) 38–46, [hep-th/0010112].
[11] M. Gremm, Four-dimensional gravity on a thick domain wall, Phys. Lett. B 478 (2000)
434–438, [hep-th/9912060].
[12] M. Giovannini, Gauge invariant fluctuations of scalar branes, Phys. Rev. D 64 (2001)
064023, [hep-th/0106041].
[13] M. Giovannini, Scalar normal modes of higher dimensional gravitating kinks, Classical
Quantum Gravity 20 (2003) 1063–1076, [gr-qc/0207116].
[14] G. Dvali, G. Gabadadze, and M. Porrati, Metastable gravitons and infinite volume extra
dimensions, Phys.Lett. B484 (2000) 112–118, [hep-th/0002190].
[15] R. Gregory, V. A. Rubakov, and S. M. Sibiryakov, Gravity and antigravity in a brane world
with metastable gravitons, Phys. Lett. B 489 (2000) 203–206, [hep-th/0003045].
[16] C. Csa´ki, J. Erlich, and T. J. Hollowood, Quasilocalization of gravity on a brane by resonant
modes, Phys. Rev. Lett. 84 (Jun, 2000) 5932–5935.
[17] M. Shaposhnikov, P. Tinyakov, and K. Zuleta, Quasilocalized gravity without asymptotic
flatness, Phys. Rev. D 70 (2004) 104019, [hep-th/0411031].
[18] M. Cvetic and M. Robnik, Gravity Trapping on a Finite Thickness Domain Wall: An
Analytic Study, Phys. Rev. D 77 (2008) 124003, [arXiv:0801.0801].
[19] M. Shaposhnikov, P. Tinyakov, and K. Zuleta, The fate of the zero mode of the
five-dimensional kink in the presence of gravity, J. High Energy Phys. 09 (2005) 062,
[hep-th/0508102].
[20] D. Bazeia, C. Furtado, and A. R. Gomes, Brane structure from scalar field in warped
spacetime, JCAP 0402 (2004) 002, [hep-th/0308034].
– 21 –
[21] H. Guo, Y.-X. Liu, Z.-H. Zhao, and F.-W. Chen, Thick branes with a non-minimally coupled
bulk-scalar field, Phys. Rev. D 85 (2012) 124033, [arXiv:1106.5216].
[22] Q.-Y. Xie, J. Yang, and L. Zhao, Resonance Mass Spectra of Gravity and Fermion on Bloch
Branes, Phys. Rev. D 88 (2013) 105014, [arXiv:1310.4585].
[23] W. Cruz, L. Sousa, R. Maluf, and C. Almeida, Graviton resonances on two-field thick branes,
Phys.Lett. B730 (2014) 314–319, [arXiv:1310.4085].
[24] D. P. George, Survival of scalar zero modes in warped extra dimensions, Phys. Rev. D 83
(2011) 104025, [arXiv:1102.0564].
[25] Y. Zhong and Y.-X. Liu, Linearization of thick K-branes, Phys. Rev. D 88 (Jul, 2013)
024017.
[26] C. Armendariz-Picon, T. Damour, and V. F. Mukhanov, k-inflation, Phys. Lett. B 458
(1999) 209–218, [hep-th/9904075].
[27] J. Garriga and V. F. Mukhanov, Perturbations in k-inflation, Phys. Lett. B 458 (1999)
219–225, [hep-th/9904176].
[28] C. Armendariz-Picon, V. F. Mukhanov, and P. J. Steinhardt, Essentials of k essence, Phys.
Rev. D 63 (2001) 103510, [astro-ph/0006373].
[29] D. Bazeia, F. A. Brito, and J. R. Nascimento, Supergravity brane worlds and tachyon
potentials, Phys. Rev. D 68 (Oct, 2003) 085007.
[30] R. Koley and S. Kar, A Novel braneworld model with a bulk scalar field, Phys. Lett. B 623
(2005) 244–250, [hep-th/0507277].
[31] C. Adam, N. Grandi, P. Klimas, J. Sanchez-Guillen, and A. Wereszczynski, Compact
self-gravitating solutions of quartic (K) fields in brane cosmology, J. Phys. A 41 (2008)
375401, [arXiv:0805.3278].
[32] D. Bazeia, A. R. Gomes, L. Losano, and R. Menezes, Braneworld models of scalar fields with
generalized dynamics, Phys. Lett. B 671 (2009) 402, [arXiv:0808.1815].
[33] Y.-X. Liu, Y. Zhong, and K. Yang, Scalar-kinetic branes, Europhys. Lett. 90 (2010) 51001,
[arXiv:0907.1952].
[34] L. B. Castro and L. A. Meza, Fermion localization on branes with generalized dynamics,
Europhys. Lett. 102 (2013) 21001, [arXiv:1011.5872].
[35] Y. Zhong, Y.-X. Liu, and Z.-H. Zhao, Non-perturbative procedure for stable K-brane,
arXiv:1401.0004.
[36] J. D. Lykken and L. Randall, The shape of gravity, J. High Energy Phys. 06 (2000) 014,
[hep-th/9908076].
[37] A. Ahmed and B. Grzadkowski, Brane modeling in warped extra-dimension, JHEP 1301
(2013) 177, [arXiv:1210.6708].
[38] D. Bazeia and A. R. Gomes, Bloch brane, JHEP 05 (2004) 012.
[39] A. Campos, Critical phenomena of thick branes in warped spacetimes, Phys. Rev. Lett. 88
(Mar, 2002) 141602.
[40] Z.-H. Zhao, Y.-X. Liu, Y.-Q. Wang, and H.-T. Li, Effects of temperature on thick branes and
the fermion (quasi-)localization, J. High Energy Phys. 06 (2011) 045, [arXiv:1102.4894].
– 22 –
[41] J. Yang, Y.-L. Li, Y. Zhong, and Y. Li, Thick Brane Split Caused by Spacetime Torsion,
Phys. Rev. D 85 (2012) 084033, [arXiv:1202.0129].
[42] Y.-X. Liu, F.-W. Chen, Heng-Guo, and X.-N. Zhou, Non-minimal Coupling Branes, J. High
Energy Phys. 1205 (2012) 108, [arXiv:1205.0210].
[43] D. Bazeia, A. Lobao, R. Menezes, A. Y. Petrov, and A. da Silva, Braneworld solutions for
F(R) models with non-constant curvature, arXiv:1311.6294.
[44] O. DeWolfe, D. Z. Freedman, S. S. Gubser, and A. Karch, Modeling the fifth dimension with
scalars and gravity, Phys. Rev. D 62 (2000) 046008, [hep-th/9909134].
[45] Y. Zhong, Y.-X. Liu, and K. Yang, Tensor perturbations of f(R)-branes, Phys. Lett. B699
(2011) 398–402, [arXiv:1010.3478].
[46] Y.-X. Liu, Y. Zhong, Z.-H. Zhao, and H.-T. Li, Domain wall brane in squared curvature
gravity, J. High Energy Phys. 06 (2011) 135, [arXiv:1104.3188].
[47] C. Csaki, J. Erlich, T. J. Hollowood, and Y. Shirman, Universal aspects of gravity localized
on thick branes, Nucl. Phys. B 581 (2000) 309–338, [hep-th/0001033].
[48] Y.-X. Liu, J. Yang, Z.-H. Zhao, C.-E. Fu, and Y.-S. Duan, Fermion localization and
resonances on a de sitter thick brane, Phys. Rev. D80 (2009) 065019, [arXiv:0904.1785].
[49] Y.-X. Liu, L.-D. Zhang, L.-J. Zhang, and Y.-S. Duan, Fermions on thick branes in
background of sine-gordon kinks, Phys. Rev. D 78 (2008) 065025, [arXiv:0804.4553].
[50] W. Cruz, A. Gomes, and C. Almeida, graviton resonances on deformed branes,
Europhys.Lett. 96 (2011) 31001, [arXiv:1110.3104].
[51] F. Cooper, A. Khare, and U. Sukhatme, Supersymmetry and quantum mechanics, Phys. Rep.
251 (1995) 267–385, [hep-th/9405029].
[52] Y.-X. Liu, L.-D. Zhang, L.-J. Zhang, and Y.-S. Duan, Fermions on thick branes in
background of sine-gordon kinks, Phys. Rev. D 78 (2008) 065025, [arXiv:0804.4553].
– 23 –
